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Abstract. In this paper we study the relation between the weighted 
energy class £ x introduced by S. Benelkouchi, V. Guedj and A. Ze- 
riahi recently with the classes £ and Af studied by Cegrell. More- 
over, we establish a generalized comparison principle for the opera- 
tor M x and, as an application, we prove a slight version of existence 
of solutions of Monge- Ampere type equation in the class £ X (H, 0). 
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1. Introduction. 

To investigate weighted energy classes of plurisubharmonic functions 
on a compact Kahler manifold, as well as, in a hyperconvex domain 
in C n has been studied by several authors recently. In the paper " The 
weighted Monge - Ampere energy of quasiplurisubharmonic functions" 
V. Guedj and A.Zeriahi introduced and investigated the weighted en- 
ergy class S x (X,u) on a compact Kahler manifold X with a local po- 
tential <jj. They proved the continuity of weighted Monge - Ampere 
operators on decreasing sequences of quasiplurisubharmonic functions 
in this class (see Theorem 2.6 in [GZ]) and investigated solutions of the 
complex Monge - Ampere equation in this class (Theorem 4.1 there). 
In 2008, Benelkouchi, Guedj and Zeriahi introduced and studied the 
weighted energy class 8 X as follows. Let be a hyperconvex domain 
in C n and x '■ ( — °°> 0] — > [0, +oo) be a decreasing function. Let 

S x = S x (0) = {ue PSH"(0) : 3 Sq(0) 3 uj \ u, 



sup J x( u j)(dd c Uj) n < +oo}. 



(see [BGZ]). In Proposition 3.2 in their paper they proved that if 
x(-oo) = +oo,x(0) ^ then S x (0) C T a {@). However, the rela- 
tion between the classes £ x (0) and £(0) studied by Cegrell in [Ce3] in 
[BGZ] is not clarified. Moreover, in [BGZ] there are no results about 
the relation between the classes £ x (0) and N{@) introduced in [Ce4]. 
Hence, the first aim of our paper is to find the relation between these 
classes. Namely, in section 3 in Theorem 3.1, relying on Theorem C 
of Kolodziej in [Kol], we show that under certain conditions the class 
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£ x {&) is contained in £{&) and M{0). It should be remarked that our 
Theorem 3.1 is more general then Proposition A in [Bel] and the class 
£ x (0) in the case x(t) = min(|t| p , 1), £ < has been introduced earlier 
in [H3]. 

The second aim of the paper is to prove the strong principle for the 
operator M x . Let x '■ x0 ^ IR + be such that x(-i z ) i s a decreasing 
function. For each u e £{&) we put 

M x (u) = xHz),z)(dd c ur. 

In the fourth section we prove the strong comparison principle for the 
operator M x . This strong comparison principle will be used to study 
the operator M x instead of the complex Monge - Ampere operator 
(dd c u) n . Consequently, we get the strong comparison principle of Xing 
stated and proved by Xing recently (see [Xi2]). Moreover, as an appli- 
cation of the strong comparison principle, we prove a slight version of 
existence of solutions of the equation of complex Monge - Ampere type 
in the class £ X {H, 0) which is similar to a recent result of Czyz in [Cz]. 

The paper is organized as follows. Besides the introduction, the paper 
has the three sections. In the second we recall some classes of plurisub- 
harmonic functions introduced and investigated by Cegrell and some 
authors recently. In particular, we give the definition of the class £ x 
and the class N '. The third is devoted to establish the relation be- 
tween the class £ x with the classes £ and Af. The fourth says about 
the strong comparison principle for the operator M x and applications 
of this principle. 



2. Preliminaries 

2.1. We assume that readers are familiar with plurisubharmonic func- 
tions and the complex Monge - Ampere operator for locally bounded 
plurisubharmonic functions. Readers can find notions about these ob- 
jects in the monograph of Klimek [Kli] and the excellent paper of 
E.Bedford and B.A.Taylor [BT2]. 

2.2. Now we recall some classes of plurisubharmonic functions intro- 
duced and investigated by Cegrell recently (see [Ce2] and [Ce3]). 

Let C C n be a bounded hyperconvex domain, i.e there exists a neg- 
ative plurisubharmonic function g such that {zG0: g(z) < —c} (s 
for all c > 0. By PSH~(0) we denote the set of negative plurisubhar- 
monic functions on 0. Following Cegrell we define the following. 

£ = £ (Q) = {(/?€ PSH-(ft) n L°°(fi) : lim <p(z) =0, I (dd c <p) n < oo} 

z^dfl J 

n 
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Now for each p > 0, put 

£ p = £ P (Q) = {<pe PSH~(ft) : 3 £ 3ip j \ <p, sup J {- Vj f{dd c Vj ) n < oo}, 



j 
n 



T = = {(/? G PSH-(fi) : 3 V, sup ^ (dtf < °°} 

and 

£ = £(ft) = {(/? G PSH _ (ft) : V^ e ft, 3 a neighbourhood 

£o 3 (fj \ (p on a;, sup ^ (dd c ipj) n < oo}. 



The following inclusions are clear: £ C £ p C £ and £ C C £. 
In [Cc3] Cegrell has proved that the class £ is the biggest on which 
the complex Monge - Ampere operator (dd c .) n exists. Moreover, if 
u G £ and K <<= then we can find «x G such that u = uk on K. 
Another result of Cegrell in [Ce3] which we shall use is following. Let 
{uj,u} C £ be such that (dd c Uj) n is weakly convergent to (dd c u) n . If g 
is a bounded plurisubharmonic function then g(dd c Uj) n is also weakly 
convergent to g(dd c u) n . We also use the following notation. Assume 
K C £ . Then by IC a = /C a (0) we denote the set 

/C a = /C a (0) = {u G /C : (Afw) n « Cap}. 

That means that for every pluripolar set E C we have (dd c u) n (E) = 
0. 

2.3. We recall the class M{&) introduced and investigated in [Ce4]. Let 
be a hyperconvex domain in C n and {0j}j>i a fundamental sequence 
of 0. This is an increasing sequence of strictly pseudoconvex subsets 

oo 

0j of such that 0j m j+ i and \J 0j = 0. Let (p G PSH~(0). For 
each j > 1, put 

^ = sup{u : u G PSH(0), u < <p on \ 0,}. 

As in [Ce4], the function <p = ( lim G PSH(0) and £ G MVSH(0), 

where MVSH(0) denotes the set of maximal plurisubharmonic func- 
tions on 0. Set 

N = N(0) = {y? G £ : (p = 0} 

or equivalently, 



AT = JV(0) = We PSH"(0) : T 0}. 
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It is easy to see that £ p U T C M . Through this paper we assume that 
H eSH MVSH{@). By £{H) = £(H, 0)(resp. N{H) = Af(H, 0)) 
we denote the set 

S(H, 0) = {u G PSH _ (0) :3 pe£ such that H > u > ip + H} 

(resp. there exists p G Af such that H > u > ip + H). 

2.4. Now we recall the class £ x {&) introduced and investigated by 

Benelkourchi, Guedj and Zeriahi [BGZ] recently. 

Let x '■ (~ oo,0] — > [0, +oo) be a decreasing function. By £ x {&) we 
denote the set of negative plurisubharmonic functions u G PSH~(0) 
such that there exists a sequence {uj} C £o(0) with Uj \ w and 



sup J x(uj)(dd c Uj) n < +oo. 







In the case x(0 = ( — t) p (resp.x(t) is bounded), £ x is the class £ p (0)(resp..F(0)) 
studied by Cegrell in [Ce2] and [Ce3]. 

3. Relation between the classes £ x , £ and J\f. 

The aim of this section is to establish the relation between the classes 
£ x , £ and M . Namely we prove the following. 

Theorem 3.1. Let \ '■ ( — oo,0] — > [0, +oo) be a decreasing function 
satisfying x ^ 0. Assume that {pj}j>i C £o(0) JS suc ^ that 



sup y x(<Pj)(dd c cpj) 



11 < +oo. 





Then 

a) Lp = ( lim sup pj ] G £(0). 

b) Moreover, if x(t) > when t < then y9 = lim sup ^ G Af(0) 

In order to prove the above theorem we need the following. 

Lemma 3. 2. Let x : (— oo, 0] — > [0, +oo) be a decreasing function and 

u,v G £ o (0) satisfy x(m)(^ c m)" = (cM c v) n . Then 

u > 1 v -t, V i>0 such that x( - > °- 

Proof. It is easy to see that u > —t > — , 1 v — t on the set j-u > 

- - ^JxJ^T) 1 - 

—t\. It suffices to show that u > w = — , 1 v — t on the open set 
L> = {u < -t}. We have that 

lim u(z) = — t > lim w(z). 

z^dD z^dD 

We show that (dd c u) n < (dd c w) n on D = {u < —t}. Indeed, since x is 
decreasing then x(—t)(dd c u) n < x(u)(dd c u) n = (dd c v) n on D = {u < 
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-t}. Hence, (dd c u) n < ^r{dd c v) n = (dd c w) n on D = {u < -t}. 
Using the comparision principle for u, w on the set D = {u < —t] 
it follows that u > w on D and the desired conclusion of the lemma 
follows. 

Proof of Theorem 3.1. By theorem C in [Kol] we can find Vj E 
So(0) such that x{^Pj){dd c pj) n = (dd c Vj) n . Lemma 3.2 implies that 
ifii > — , 1 v~ — t for all t > such that y(— t) > 0. From 

sup J (dd c Vj) n = sup J x( l £j)(dd c (p j ) n < +oo 
3 3 

then Theorem 3.7 in [KH] implies that v = (limsupu, ) E J 7 (0). 

^ 3 ' 

Hence, p = ( limsup </?,■ ) > — , 1 v — t for all t > such that 

x(—t) > 0- Since x ^ then we can choose t > such that x( — £) > 0. 
Then ip > ^= = t> - i and from i> e J^(0) it follows that p E £(&) 

and a) in Theorem 3.1 is proved. 

Now we give the proof of b) of Theorem 3.1. From v E J-(0) we infer 
that v = 0. Thus p > -t. Assume that x(~t) > for all t > 0. Then 
<p > — t for all t > 0. Hence, = and it follows that p E N{0). 
Theorem 3.1 is completely proved. 

From Theorem 3.1 we derive the following corollary. 

Corollary 3.3. a) £ x (0) C £{&) if X IS decreasing and x ^ 0. 

b) £ x (0) C jV(0) if x is decreasing and x(t) > for aii t < 0. 
We have some the following remarks concerning to Theorem 3.1. 
Remark 3.4. 

(i) x{~ 00 ) = +°° ^ an( i om Y ^ <^x C £ a . 
Indeed, first assume that oo) = +oo and <p E £ x . There exists a 
sequence {pj} C £$ such that </?j \ <p and 



sup y x{^j){dd c pj) n < +oo. 




Since x is decreasing then we have 



{<Pj<-t} {v>j<-t} 

sup/x(^i)(^Vj) n 

J 



< 



x(-t) 
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Since {ipj < —t} is an increasing sequence of subsets which tends to 
{ip < —t} then by tending j — > oo we get 

sup / x{Vj)(dd c Vj) n 
(dd c ip) n < — Vj 



x(-t) 

W<-t} 



1 



By letting t — > +00 we infer that 

(dd c ip) n = 0. 

{vp=-oo} 

Hence, ip G £ a . 

Second, let x(~ 00 ) < +00. Then it follows that T C £ x . However, 
T (£ £ a then £ x is not a subset of £ a . 

(ii) The condition b) in our Theorem 3.1 is sharp. Indeed, assume 
that there exists t > such that x{~ to) = 0. Then the function 
if = —to G £ x because we have 

'xM(ddV*) B = 







for all > <fj > -t - But ip = -t Q M. 

4. Strong comparison principle for the operator M 



x- 



As be said above, the aim of this section is to give the strong com- 
parison principle for the operator M x and to find applications of this 
principle. Through the section we assume that x '■ (~ °°> 0] ~" *■ [0, +00) 
is a decreasing function. For each a such function x we set 



u u u 

Xk(t) = j dti J dt 2 ... J x(tk)dt k . 



First we prove the following. 

Theorem 4.1. Letu G £ a (0) andv G £{&) be such that liminf[w(^) • 

v ( z )] > 0. Then we have 

Xk{u - v)dd c W\ A ... A dd c w k A T 



/ 



{u<v} 



< J -wixiu - v) \{dd c u) k - (dd c v) k 

{u<v} 

for every Wi,...,Wk G PSH~(0) fl Z°°(0) ; w 2 ,.--,Wk > —1 and T = 
dd c Wk+i A ... A dd c w n with Wk+i, w n G £(Q). 

In order to prove the above theorem we need the following. 
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Lemma 4.2. Let u, v G PSH{@) H L% c (0) be such that u = v on@\K 
with K (e and u < v. Then we have 

J xi(u ~ v)dd c w A T < J -wx(u - v)dd c {u — v) AT, 







for every w G PSH (0) fl L°°(0) and T = dd c W\ A ■ ■ • A dd c w n ^ l7 where 

wi, • ■ • ,w n -i e S. 

Proof. First, we consider the case x £ C 1 ^)) u,v £ C°°(Q). By 
Stoke 's theorem we have 

J Xi(u- v)dd c w AT = J wdd c xi(u - v) AT 



= J wd( K -x{u-v)d c (u-v)^jAT 



= y —wx'(u - v)d(u - v) A d c (u - v) A T + J —wx(u - v)dd c (u - v) A T 





< J ~wx{u - v)dd c {u -v) AT. 



Second, we consider the case x £ C 1 (M). Set us = u * ps, v$ = v * ps on 
n s = {z G n : C"\Q) > 5}, here = ^p(f) with p G C -(C n ) 

such that suppp C B = {z G C n : ||z|| < 1}, p(z) = p(\z\) > and 
/ p(z)dV2n{z) = 1. We can find 5 > such that -u<5 = t>«5 on £1$ \ K$ for 

B 

all 5 < So, where K$ — {z G : if) < 5}. By the first case we get 

J Xi{u& - v 5 )dd c w AT < J -wx(u s - v s )dd c (u 5 - v s ) A T. 

0s 0s 

The quasicontinuity of u, v (Theorem 3.5 in [BT2]) together with tend- 
ing 5^0 implies that 

J Xi(u- v)dd c w AT < J -wx(u - v)dd c (u - v) AT. 



Third, we consider the case x(~°°) < +oo. We find decreasing func- 
tions Xj ^ C ,1 (M) such that Xj ~^ X 011 ( — 00 ) 0]. By the second case we 
have 

J Xji( u - v)dd c w A T < J —wxj(u - v)dd c (u - v) AT. 
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Using Lebesgue monotone convergence theorem, by letting j — ■> oo we 
get 

J Xi(u - v)dd c w A T < J -wx(u - v)dd c (u — v) AT. 







In the general case, set Xj = mm (x? j)- By the third case we have 

J Xji(u - v)dd c w A T < J -w X j{u - v)dd c {u - v) AT. 

Lebesgue monotone convergence theorem implies that 

J Xi(u~ v)dd c w A T < J -wx(u - v)dd c (u - v) AT. 

The proof of the lemma is complete. 

Lemma 4.3. Let u,v E £(0) be such that u = v on0\K with ifg0 
and u < v. Then we have 

J xi(u~ v)dd c w AT < J -wx(u - v)dd c {u - v) AT 

{v>~oo} 

+ x(-oo) J -wdd c u A T 

{u=—oo} 

-X(0) J -wdd c vAT, (1) 

{v=— oo} 

for every w E PSH~(0) n L°°{@) and T = dd c w x A ... A dd c w n - X with 
wi, ...,w n -i E £(Q). 

Proof. Choose E C^°(fi) such that < (j) < 1 and = 1 on a 
neighbourhood of K. 

First, we consider the case x(~ 00 ) < +°°- Set 

Uj = max(«, — j), Vj = max(f , — j). 
By Lemma 4.2 we have 

J Xi( u j ~ Vj)dd c w AT < J -wx(uj - Vj)dd c (uj - Vj) A T 


= J -w(px(uj ~ Vj)dd c {uj - Vj) A T. (2) 



Since u < v then by simple arguments we notice that Uj — Vj \ u — v. 
Using Lebesgue monotone convergence theorem we have 

lim J xi(uj-Vj)dd c wAT = J xi{u-v)dd c wAT (3) 
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By Theorem 4.1 in [KH], we have 



{v>-j} 



lim / —w(j)x(uj — Vj)dd c Vj AT = lim / —w<j)x(uj — Vj)dd c v AT 

/->oo J ' " j->oo J 

{v>-j} 

+ x(0) lim / -w<\>dd c Vj A T 

j^oo J 

{v=-j} 

= J —w<px( u — v)dd c v A T 



{t»— 00} 

+ x(0) lim / -w^)dd c v j A T 
3^00 J 



3 

n 

- x(0) lim / -w(f)dd c v A T 

j~*oo J 

{v>-j} 

= J —w(f)x( u — v)dd c v A T 

{d>— 00} 

+ X(0) J -w(pdd c vAT. (4) 



{v=— 00} 

Now Theorem 4.1 in [KH] implies that 



lim sup / —w(j)x(uj — Vj)dd c Uj AT < lim / —w(f)x(uj — Vj)dd c u A T 

j^oo J 3^°° J 

{«>-i} 
+ x(-oo) lim / -w(f)dd c Uj A T 

j^oo J 

{u=-j} 

= J -W(px(u - v)dd c u A T 

{u>— 00} 

+ x(-oo) J -w(pdd c uAT. (5) 



{«=— 00} 



Put (2), (3), (4) and (5) together and tend <p / 1 we get (1). 
In the general case we set Xj — mrn (X.7)- Applying the first case to 
Xj and using Lebesgue monotone convergence theorem we obtain (1). 
The proof of the lemma is complete. 
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Proof of Theorem 4.1. Set v € = max(«, v — e) G S a (Q). Using Lemma 
4.3 for u, v e we get 

J Xk(u - v e )dd c Wi A ... A dd c w k A T 





< 



< J xi(u - vjddfw! A (dd c u) k ~ l A T 

< f Xi(u- v e )dd c Wl A [^(dd%) fc - J A (dd^y- 1 AT 

< J -w lX {u-v e ) (dd c u) k - (dd c v t ) k ^AT 
n 

< J -wix{u -v + e) (dd c u) k A T 

{«<u— e} 

J -w lX (u -v + e) {dd c v) k A T. 



{m<d — e} 

By letting e^Owe obtain 
J Xk{u-v)dd c Wl A...Add c w k AT < J -w lX (u-v) {dd c u) k -{dd c v) k ^AT 

{u<v} {u<v} 

and Theorem 4.1 is completely proved. 

We have the following result for the case u G M a (H) and t> G S(H). 
Theorem 4.4. Let u G N a (H), v G £(#). T/ien we have 

Xk(u-v)dd c w 1 A...Add c w k AT < J -Wix{u-v) (dd c u) k -(dd c v) k 

{u<v} {u<v} 

for every w u ...,w k G PSH~(0) n L°°(0), w 2 ,...,w k > -1 and T = 
dd c w k+ i A ... A dd c w n with w k+ i, ...,w n G £(Q). 

Proof. Take <p G N a such that u > H + ip. Since (dd c H) n = it 
follows that it G £ a . Set i>j = max(«,u + </? J ). Then Vj G £ and 
lim inf (u(z) — i>j(z)) > 0. Applying Theorem 4.1 to i>j we have 

J Xk{u-v j )dd c w 1 A...Add c w k AT < J - WlX {u- Vj ) (dd c uf -{dd^^AT 



AT 



{u<Vj} 



{u<Vj} 
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From {u < Vj} — {u < v + ipi} and by Theorem 4.1 in [KH] we get 
Xk{u - v - if j )dd c w 1 A ... A dd c w k A T 

{u<v+pi} 

< J -w lX (u -v- cp j ) {dd c uf - {dd c v) k AT 

{u<v} 

Tending j — > oo we arrive that 
J Xk(u-v)dd c w 1 A...Add c w k AT < J - WlX ( u -v) {dd c u) k -(dd c v) k ^AT 

{u<v} {u<v} 

and the desired conclusion follows. 
Now we give some corollaries. 

Corollary 4.5. Let u G M a (H), v G S{H). Then we have 

-w lX (u-v) \{dd c u) n -{dd c vY 



Xn(u—v)dd c WiA...Add c w n < 

{u<v} {u<v} 

for every w u ...,w n G PSH~(0) n L°°(0), w 2 , ...,w n > -1. 
Now assume that x(t) = = (— t) p ,t < 0. Then we have Xkif) — 
(p + k) l ..( p +i) (~t) p+h an d we obtain the strong comparison principle of 
Xing in [Xi2]. 

Corollary 4.6. Let u G S p (0), v G S(Q). Then 
1 f , 



(n + p)---(l+p) 



u ) 



+p dd c w 1 A • • ■ A dcf u? n 



{u<i>} 



< y - Wl (t;-M) p [(^ c M) n - (dd c v) n j 

{u<v} 

for allw ir -- ,w n E PSH~(0) n L°°(0), -1 < m 2 , • • • ,w n <0. 

Theorem 4.7. Let u G M a (H), v G 5(-H") be sucii that (dd c u) n < 
(dd c v) n on {u < v}. Then u > v. 

Proof. Take ip G J\f a such that u> H + ip. We have {u < v + (p j } <s Q 
and (dd c u) n < {dd c {v + ip^)) n on {u < v + ip^}. By comparison principle 
we get u>v + ipi. Letting j — > oo we obtain u> v. 

In the end of the paper we prove a slight version of existence of solutions 
of the equation of complex Monge-Ampere type equation in the class 
S X (H). It should be noted that equations of complex Monge- Ampere 
type were studied earlier by S.Kolodziej and U.Cegrell in [CeKo]. Re- 
cently R.Czyz has solved this equation in the class E x (see [Cz]). Here 
we give a simple proof of a slight version of existence of solutions of 
this equation which is similar to [Cz]. 
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For each x '■ K. x — >■ IR + we set 

M>)= X (u(z),z)(^yp 

where w G £(0)- 

First we prove the following comparison principle for the operator M x . 

Theorem 4.8. Let x : IR~ x — > R+ be such that %(., z) is decreasing 
for all z G 0. Given u e N a (H), v e £{H) such that M x (u) < M x (v). 
Then u > v. 
Proof. We have 

(dd c u) n < X ^l ,Z \ (dd c v) n < (dd c v) n , 
X{u{z),z) 

on {u < v}. Theorem 4.7 implies that u > v. 

Corollary 4.9. Let Xi,X2 '■ IR~x0 — > R + be such that X i(-, z), X 2(-, z) 
are decreasing functions and X2 < Xi 071 x 0- Given u\ G M a {H), 
u 2 G £{H) such that M Xl (m) < M X2 (u 2 ). 
Then u\ >u 2 . 

Proof. We have M Xl (ui) < M X2 (w 2 ) < M Xl (u 2 ). From Theorem 4.8 it 
follows that Mi > u 2 . 

Now let x '■ x — > ^ + be such that x(-i z ) * s a decreasing function 
for all z G and inf x (t, z) > 0, V t < 0. Let H G £(0) n MVSH{0) 

be given. We define 

£ X (H, 0) = {if E M{H) : 3 £ (H) 3 ^ \ 

sup / M x (ifj) < +oo}. 

3>1 J 



Let /i be a non-negative finite measure on and fi(P) = for all 
pluripolar sets P C 0. We give a simple proof for a slight version of 
Main Theorem in [Cz]. 

Theorem 4.10. Let X and fi satisfy all the above assumptions. Then 
there exists an unique function u G £ X (H, 0) such that M x {u) = /i. 

Proof. By [Ce3] we can find $ G £ o (0) and < / G \} loc ((dd c <$>) n ) such 
that 

H = f(dd c $) n . 

Set Hj = l0 j mm(f,j)(dd c &) n where 0j / is defined as in section 2. 
Let r}j / - = r] such that t^., z) / for all z G and ^ G C°°(R _ x 0). 
Put Xj — \ X- By [CeKo] we can find ttj G F a (H) such that 
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Hence, M Xj (uj) = dfij. Corollary 4.9 implies that Uj \ u. Now we 
show that Uj G £ (H). By [CeKo] we can find (fj G T a such that 

(dd c ifj) n = rjjd^ij = — . 

Xj 

Hence, M Xj ((fj) = dfij. Note that r)j(ipj(z), z),z G 0j, is above bounded 
and 

(dd c ipj) n = r ]j { V:j {z),z)dfi J = r]j(ipj(z),z)l 0j min(/, j)(dd c $) n 

then by the comparison principle it follows that ipj G So. We prove 
that Uj > H + (fj. Indeed, because {uj, H + (fj} C ^(H) and 

M X3 K) = d^- = M Xj (^) < M x .(// + ^) 

then Theorem 4.8 implies that Uj > H + (fj. Moreover, by the above 
argument we infer that {(Pj} is decreasing and we have 



sup / M x (<fj) < sup / M Xj (ipj) 
i>i J i>i J 





= sup / d\ij = u(0). 

j>i J 



Now by inf x(t, z) > for all t < and using a similar argument as 

z€0 

in the proof of Theorem 3.1 we derive that <p = lim ipj G M . Since 

j— >oo 

H > Uj > H + (fj for all j it follows that H > u > H + (p. Thus 
u G Af(H). At the same time, we have 



sup / M x (uj) < sup / M Xj (uj) 
j>i J i ./ 









= sup 



and this shows that -u G £ x (#, 0)- Now we have 

M x (u) = lim M x , (ttj) = lim dfij = d/i. 

From Theorem 4.8 it follows the uniqueness of u and the theorem is 
proved. 

Acknowledgement. Authors would like to thank Per Ahag and Sla- 
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Benelkouchi. 
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